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I. INTRODUCTION
Linear stability analysis ͓1-3͔ remains an indispensable tool in the continuing effort to understand mixing at unstable fluid interfaces. The linear analysis provides an accurate description of the early stages of mixing, where the perturbation amplitude is small, and yields valuable analytical expressions for linear growth rates and their functional dependence on the various relevant parameters such as wavelength, gravity, density ratio, etc. The linear theory also serves as a cornerstone for the development of approximate theories and models to describe mixing at late times, where the dynamics becomes strongly nonlinear ͓4,5͔. This was indeed the motivation for the present work, and a corresponding nonlinear model based on the present results will be described elsewhere. However, the linear case is also of intrinsic interest in its own right, as it provides a theoretical framework for interpreting the early-time dynamics of unstable fluid interfaces.
There are three classical interfacial instabilities, namely the Rayleigh-Taylor ͑RT͒ ͓2,3,6͔, Richtmyer-Meshkov ͑RM͒ ͓7,8͔, and Kelvin-Helmholtz ͑KH͒ ͓1-3͔ instabilities. The linear theory of these instabilities in incompressible fluids is well known and well understood, both when they occur separately and when they occur together in various hybrid combinations. Indeed, a linear stability analysis is readily performed for a planar shear layer subjected to an arbitrary time-dependent acceleration in the normal direction ͓1-3͔, a situation which encompasses the three basic instabilities above as special cases. The analysis shows that the time evolution of the amplitude h of a small sinusoidal perturbation with wavelength ϭ2/k is determined by the equation 2 ḧ ϭ͓⌬akϩ 12 ͑ k x ⌬u ͒ 2 ͔h, ͑1͒
where q ϭdq/dt, i is the density of fluid i, 2 ϭ 1 ϩ 2 , ⌬ϭ 2 Ϫ 1 , 12 ϭ 1 2 /( 1 ϩ 2 ), u i 0 is the unperturbed tangential velocity of fluid i parallel to the interface, ⌬u ϭu 2 0 Ϫu 1 0 is the tangential velocity discontinuity, k x is the component of the perturbation wave vector along the direction associated with ⌬u, and the acceleration a(t) is considered positive when directed from fluid 1 into fluid 2. The same analysis further shows that the perturbation propagates along the interface with a phase velocity of
is valid only for hӶ, and is restricted to incompressible fluids for which i is constant in space and time. In the absence of a better alternative, it has sometimes been employed as an approximation to compressible fluids as well, particularly at low to moderate Mach numbers. However, even when the Mach number is so low that the inhomogeneities associated with acoustic waves are negligible, compression or expansion of the mixing layer as a whole produces global effects that Eq. ͑1͒ does not capture, including the purely geometrical changes in h and/or k associated with compression or expansion in the normal and/or tangential directions, respectively. The correction for these geometrical effects is not however obvious, as they interact with and alter the dynamics. Our purpose here is to derive a generalization of Eq. ͑1͒ that consistently includes the effects of a slow uniform anisotropic compression or expansion of the mixing layer as a whole. Attention is restricted to compression and expansion rates which are sufficiently slow that the fluid densities i remain uniform in space, and hence depend only upon time. The analysis therefore makes no attempt to represent the more complicated compressibility effects associated with nonzero Mach number and acoustic waves.
The derivation is based on potential flow theory. In Sec. II we obtain the linearized potential flow solution for a sinusoidal perturbation of an accelerated interface between two fluids with different densities and tangential velocities subjected to an externally imposed uniform but anisotropic compression or expansion. The corresponding linearized equation of motion for the perturbation amplitude h is then derived in Sec. III by the conventional technique of requiring the pressure to be continuous across the interface. This then yields the desired compressive generalization of Eq. ͑1͒.
In the present context, however, the evolution equation for h is not the whole story. The densities and interfacial area also change with time due to the compression, so that the perturbation amplitude h alone no longer provides a suitable measure of the degree of mixing. It is therefore of interest to convert the evolution equation for h into a corresponding evolution equation for the actual material masses M i transported across the unperturbed interface, which are a more accurate measure of the degree to which the two fluids have been mixed together by the instability. When this is done, the purely geometrical effects of the compression no longer appear explicitly, and only the dynamical effects remain. The resulting evolution equation for M i shows that compression dynamically enhances the mixing of material masses.
It is also of interest to compare the evolution equation for M i in the special case ⌬uϭ0 with that for the volume transported across a spherical interface between two concentric incompressible fluid shells ͓5͔. These two equations are found to be identical in form when the compression rates are properly specialized to the spherical case. Finally, in Sec. IV we derive approximate analytical expressions for the growth rates of both h and M i in the special case of constant normal acceleration.
II. LINEARIZED POTENTIAL FLOW SOLUTION
We consider an initially planar interface which separates two immiscible fluids with negligible surface tension in zero gravity. The unperturbed velocity of fluid i is denoted by u i 0 , which is presumed to be uniform and purely tangential to the interface. Thus u i 0 •nϭ0, where n is the unit normal to the interface which points from fluid 1 into fluid 2. The system is also subjected to a normal acceleration a(t)n relative to an inertial laboratory frame. It is convenient to describe the system in a Cartesian coordinate frame with the same acceleration. In this frame the system experiences an artificial external body force per unit mass of Ϫa(t)n, and the unperturbed interface is stationary for all t. The interface is then defined by the time-independent equation n•rϭ0, where r is the position vector relative to an origin located somewhere on the interface. It is further convenient to let the coordinate frame move parallel to the plane of the interface with the velocity of the linear KH surface waves, so that these waves also become stationary. When this is done we have 1 u 1 0 ϩ 2 u 2 0 ϭ0, which then implies
where ⌬uϭu 2 0 Ϫu 1 0 is the tangential velocity discontinuity.
Without yet perturbing the interface, we now impose a uniform anisotropic compression upon the system, so that the unperturbed velocity of fluid i becomes
where the uniform symmetric tensor D is the gradient of the velocity field associated with the compression and expansion. Thus negative eigenvalues of D imply compression, while positive eigenvalues imply expansion in their respective principal directions. In order to ensure that the compression and expansion do not change the normal direction n, we must impose the condition n•D•tϭ0, where t is any tangent vector normal to n; i.e., n•tϭ0. It follows that D is of the form
where D t •nϭ0. Since the compression and expansion are uniform, the fluid densities i remain uniform within each fluid but now become dependent on time according to
where Dϭ"•u i D ϭD:U, and U is the unit dyadic. We must of course require pressure continuity at the interface in the unperturbed solution, and this imposes some restrictions on u i 0 and D t . These restrictions may be inferred from the momentum equation of unperturbed fluid i,
where p i D is the unperturbed pressure in fluid i. Taking the dot product of the tangential projection tensor UϪnn into Eq. ͑7͒, combining the result with Eqs. ͑4͒ and ͑5͒, and evaluating the resulting equation on the interface where r becomes a purely tangential vector t, we obtain
where " t ϭ"Ϫnn•" is the tangential gradient operator, and use has been made of the fact that u i 0
•nϭ0. Pressure equality at the interface requires that " t p 1 D ϭ" t p 2 D , and since the densities are generally different and t is arbitrary, this in turn implies
If Eqs. ͑9͒ and ͑10͒ are not satisfied, this merely implies that some other motion is also occurring in addition to the interfacial instabilities of present interest. In such cases, the unperturbed interface will no longer remain stationary but will undergo some additional distortion unrelated to the instability, and the present analysis will no longer rigorously apply. Even when Eqs. ͑9͒ and ͑10͒ are violated, however, interfacial instabilities will still occur, and the present analysis may still provide a useful description of these instabilities in situations where their growth rates are much larger than the characteristic frequencies associated with the underlying motions upon which they are superimposed.
We now perturb the interface by subjecting each point r thereof to a small vectorial displacement h(t)Cn, where C ϭcos͓k(t)•r͔, k•nϭ0, and ͉hk͉Ӷ1. The interface is now defined by the equation n•rϭhC. The time dependence of k is necessary to allow for the change in wavelength due to the tangential compression; i.e., nonzero D t . The time evolution of k may be determined by requiring the phase k(t)•R(t) to be independent of time for a point R(t) moving with the transverse compression velocity D t •R; i.e., Ṙ ϭD t •R. We thereby find
We wish to evaluate the resulting potential flow field u i ϭ" i in fluid i to first order in h. The perturbation to the velocity field is u i Јϵu i Ϫu i D , and the perturbation to the po-
Apart from irrelevant constants, the unperturbed velocity potentials are therefore given by
The externally imposed uniform compression is assumed to be sufficiently slow that acoustic effects can be neglected, so that "•u i remains uniform with the value D. It then follows that "•u i Јϭ" 2 i Јϭ0, so that the perturbation to the velocity potential remains harmonic even though " 2 i ϭD 0. The boundary conditions on i are ͑a͒ i → i D ͑so that i Ј →0) far from the interface and ͑b͒ the normal derivative of i on the interface must be the same as the normal velocity of the interface, with due allowance for the fact that the perturbation now causes the normal direction to differ slightly from n. Condition ͑b͒ takes the form
where Sϭsin͓k(t)•r͔, and the derivatives are evaluated at n•rϭhC. In the linear approximation, Eq. ͑13͒ reduces to
where ‫ץ‬ i Ј/‫ץ‬nϵ" i Ј•n, and use has been made of Eq. ͑11͒.
The solutions to Laplace's equation that satisfy Eq. ͑14͒ and vanish at infinity are readily found to be
where kϭ͉k͉, the upper sign applies for n•rϾhC (iϭ2), and the lower sign for n•rϽhC (iϭ1). The velocity of fluid i is then given by u i ϭu i 0 ϩD•rϩ" i Ј .
III. LINEARIZED EQUATION OF MOTION
Equation ͑12͒ 
(t). For an arbitrary
h(t), however, the corresponding pressures in the two fluids will in general be discontinuous across the interface. The natural motion of the system is that which preserves pressure continuity at the interface n•rϭh(t)C, and this condition may be imposed to determine the linearized equation of motion for h(t). For this purpose we require a suitable expression for the pressure p i in fluid i. If the flow were incompressible, p i could be obtained from the time-dependent Bernoulli equation ͓9͔
where F i (t) is a function of time alone. In the present context the flow is not incompressible, and i depends on time according to Eq. ͑6͒. Fortunately, however, it is easy to verify that Eq. ͑16͒ remains valid even in this case, provided that i remains uniform as it does here. ͑This follows directly from the momentum equation in the usual way.͒ We may therefore employ Eq. ͑16͒ in the present context. To do so, we simply substitute i ϭ i D ϩ i Ј into Eq. ͑16͒, evaluate the resulting p i at n•rϭh(t)C, and linearize in h. After some algebra, we thereby obtain
where
and use has been made of Eqs. ͑9͒-͑11͒. The linearized equation of motion for h is obtained by requiring p 1 ϭ p 2 for all k•r. The three terms in p i are linearly independent, so their coefficients must be separately equal, i.e., p 1 0 ϭ p 2 0 , p 1 S ϭ p 2 S , and p 1 C ϭ p 2 C . The first of these conditions provides no information, as it merely relates F 1 (t) and F 2 (t). ͑It does, however, have thermodynamic implications as discussed in Sec. V below.͒ The second condition reduces to an identity by virtue of Eq. ͑3͒, thereby confirming that Eq. ͑3͒ does indeed imply stationary KH surface waves even when compression is present. Thus the only nontrivial condition is p 1 C ϭ p 2 C , which yields
where Aϭ( 2 Ϫ 1 )/( 2 ϩ 1 )ϭ⌬/(2 ) is the Atwood number, Bϭ 1 2 /( 1 ϩ 2 ) 2 ϭ 12 /(2 ), and use has been made of Eq. ͑3͒. Equation ͑22͒ is the desired generalization of Eq. ͑1͒ to allow for nonzero values of D. It is the linearized equation of motion for the perturbation amplitude in an accelerated shear layer with slow compression, and it properly reduces to the incompressible Eq. ͑1͒ when Dϭ0 as it should. Comparison with Eq. ͑1͒ shows that normal compression ͑negative D n ) has the obvious geometrical effect of reducing the perturbation growth rate by an amount ͉D n ͉h. However, we show below that this reduction has no effect on the fluid masses transported across the interface or mixed together by the instability. It is entirely analogous to the purely geometrical effects on perturbation amplitude that occur in spherical geometry ͓5͔. Comparison with Eq. ͑1͒ further shows that transverse compression ͑negative D k ) does not directly affect the net perturbation growth rate ḣ ϪD n h itself, but rather has the dynamical effect of increasing its time derivative by an amount ͉D k ͉(ḣ ϪD n h).
It is of interest to derive a corresponding evolution equation for the mass M i (t) of fluid i which has moved across some Lagrangian area A of the original interface by time t. This mass is readily found to be M i (t)ϭ Ϫ1 i Ah, where Ȧ ϭ(D t :U)A due to the transverse compression. Eliminating h and its derivatives from Eq. ͑22͒ in favor of M i (t) and its derivatives, we readily obtain
where use has been made of Eq. ͑6͒. Comparison with Eq. ͑22͒ shows that the transformation to M i as a variable has eliminated the purely geometrical correction discussed above, as Ṁ i itself is not modified by compressive effects. However, the dynamical effects of compression remain and are represented by the term (D n ϩD k )Ṁ i , which subtracts from M i . For a growing perturbation with M i ,Ṁ i Ͼ0, compression (D n ,D k Ͻ0) therefore has the effect of increasing M i . Thus we see that compression dynamically enhances mixing, whereas a superficial interpretation of the simultaneous but purely geometrical reduction in ḣ might erroneously lead one to the opposite conclusion. The physical interpretation of this dynamical effect is not obvious in the present treatment, but it will be shown elsewhere that this effect represents the amplification of kinetic energy by compression, and hence is closely analogous to p dV work. It is also of interest to compare Eq. ͑23͒ with the corresponding growth law for an accelerated spherical interface of radius R between concentric incompressible fluid shells ͓5͔, where the variable corresponding to M i is sϭR 2 h, which is proportional to the volume transported across the unperturbed spherical interface. In the limit of large perturbation mode number l , the evolution equation for s takes the form
where kϭl /R is the effective wave number of the perturbation ͓5͔. Equation ͑24͒ is formally identical with Eq. ͑23͒ for ⌬uϭ0 if D n ϩD k is identified with ϪṘ /R. This identification is indeed appropriate, and this is easily established as follows. The unperturbed incompressible radial velocity field in spherical geometry is given by u r ϭR 2 Ṙ /r 2 , so that D n ϭ‫ץ‬u r /‫ץ‬r͉ rϭR ϭϪ2Ṙ /R. Moreover, in spherical geometry the area A is simply proportional to R 2 , so that D t :UϭȦ /A ϭ2Ṙ /R. But in this context any two orthogonal tangential directions are equivalent by symmetry, so that D k ϭ(1/2)D t :UϭṘ /R. Thus D n ϩD k ϭϪ2Ṙ /RϩṘ /RϭϪR/R. When properly interpreted, Eqs. ͑22͒ and ͑23͒ therefore also apply in spherical geometry as a special case. This is quite remarkable, and makes it tempting to speculate that these equations may provide a useful approximate description of compression and convergence effects on deforming curved interfaces in general, provided of course that the radius of curvature remains much larger than the amplitude and wavelength of the perturbations.
IV. APPROXIMATE GROWTH RATES FOR CONSTANT ACCELERATION
When a and ⌬u are constant in time, Eq. ͑1͒ can of course be solved analytically, and one obtains exponential solutions ͑possibly complex͒ in the usual way. This is no longer the case for Eqs. ͑22͒ and ͑23͒, since ⌬u, k, D t , and possibly D n still depend on time according to Eqs. ͑9͒-͑11͒. However, it is of interest to consider the approximation in which these quantities are regarded as constant in time, which should be valid and useful in cases where they vary slowly compared to the growth rate of the instability. We therefore proceed to determine the growth rates of h and M i for constant a in this approximation.
Substituting hϭ␣ exp(␥ h t) into Eq. ͑22͒ and solving for ␥ h , we find that
͑25͒
Similarly, setting M i ϭ␣ exp(␥ M t) in Eq. ͑23͒, we obtain
which again exhibits the removal of the purely geometrical contribution of D n to the growth rate of h. These equations explicitly display the effects of D on the growth rates. They are unlikely to find much quantitative application in practical situations, where a is rarely constant, but they may nevertheless be useful in providing qualitative insight into the various functional dependences. For example, it is instructive to examine the effect of compression on a pure RM instability, for which ⌬uϭ0 and a(t)ϭ⌬v␦(t), so that a(t)ϭ0 for tϾ0. Equation ͑25͒ then gives ␥ h ϭD n and ␥ h ϭϪD k , so that h ϭ␣ exp(D n t)ϩ␤ exp(ϪD k t), where ␣ and ␤ are determined by the initial conditions h 0 ϵh(tϭ0) and ḣ 0 ϵḣ (tϭ0ϩ), in terms of which we readily find ␣ϩ␤ϭh 0 and D n ␣ϪD k ␤ ϭḣ 0 . It follows from Eq. ͑22͒ that ḣ (0ϩ)ϭḣ (0Ϫ) ϩAk⌬vh 0 , and that ḣ ϭD n h for tϽ0, so that ḣ (0Ϫ) ϭD n h 0 and ḣ (0ϩ)ϵḣ 0 ϭh 0 (D n ϩAk⌬v). These relations determine ␣ and ␤ in terms of h 0 and ⌬v. Thus a slow compression or expansion has the effect of changing the RM time dependence of h from linear to exponential. When max(͉D n ͉,͉D k ͉)tӶ1, the exponentials can be linearized and we then regain the usual linearized RM growth law hϭh 0 (1 ϩAk⌬vt). It would be of interest to verify the predicted exponential time dependence either experimentally ͑e.g., in a cylinder fitted with a piston͒ or by means of direct numerical simulations.
V. CONCLUSION
The effect of a slow uniform but anisotropic compression or expansion on the linear stability of an accelerated shear layer has been derived. The resulting equation of motion for the amplitude of a small sinusoidal perturbation is given by Eq. ͑22͒, while the corresponding evolution equation for the actual material masses transported across the original planar interface is given by Eq. ͑23͒. The latter equation shows that compression dynamically enhances the mixing of material masses, in spite of the associated but purely geometrical reduction in ḣ .
We have restricted attention to situations in which the velocity gradient D associated with the compression and expansion is uniform in all space and hence is the same in both fluids. It should be noted that this restriction is thermodynamically consistent only when both fluids have the same compressibility. The reason is that p i 0 in Eq. ͑17͒ is not merely the uniform part of the dynamic pressure of Eq. ͑16͒, but also represents the thermodynamic pressure of fluid i, which is related to i by an equation of state. For an isentropic compression, the condition p 1 0 ϭ p 2 0 then implies that 1 c 1 2 D 1 ϭ 2 c 2 2 D 2 , where c i and D i are, respectively, the sound speed and velocity divergence in fluid i. Our restriction to a globally uniform D implies D 1 ϭD 2 , and is therefore tantamount to a restriction to cases in which the two fluids have the same compressibility; i.e., 1 c 1 2 ϭ 2 c 2 2 . The generalization of the analysis to allow D 1 D 2 unfortunately presents nontrivial complications, which we hope to discuss elsewhere.
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